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MAXIMUM WARING RANKS OF MONOMIALS
ERIK HOLMES, PAUL PLUMMER, JEREMY SIEGERT, AND ZACH TEITLER
Abstract. We show that monomials and sums of pairwise coprime monomials in four or
more variables have Waring rank less than the generic rank, with a short list of exceptions.
We asymptotically compare their ranks with the generic rank.
1. Introduction
Let F (x1, . . . , xn) be a polynomial in the variables x1, . . . , xn with complex coefficients.
We assume F is homogeneous of degree d. The Waring rank of F , denoted r(F ), is the
least number of terms needed to write F as a linear combination of dth powers of linear
polynomials, F = c1ℓ
d
1 + · · ·+ crℓ
d
r . For example, F (x, y) = xy can be written as
xy =
1
4
(x+ y)2 −
1
4
(x− y)2
which shows r(xy) ≤ 2. On the other hand we must have r(xy) > 1 because if xy = c1ℓ
2
1
then xy would be a perfect square, which it is not. Therefore r(xy) = 2. Similarly,
xyz =
1
24
(
(x+ y + z)3 − (x+ y − z)3 − (x− y + z)3 + (x− y − z)3
)
which shows r(xyz) ≤ 4. It turns out that r(xyz) = 4, but this is not obvious. See for
example [LT10, RS11] for proofs.
Waring ranks of homogeneous forms have been studied since the 19th century by Sylvester
and others. For modern introductions see for example [IK99, Lan12, Rez13]. For numerous
applications in engineering, sciences, and other areas of mathematics, see for example [CM96,
Lan12].
It is surprisingly difficult to determine the Waring rank r(F ) for an arbitrary homogeneous
polynomial of degree d in n variables, henceforth called a d-form. Some cases are known. For
example, in n = 2 variables, r(F ) can be determined by Sylvester’s results in [Syl51a, Syl51b];
for more recent treatments see for example [Kun86, CS11, Rez13]. For another example, in
degree d = 2, F is a quadratic form, which can be represented by a symmetric matrix; then
the Waring rank r(F ) is equal to the rank of this matrix. One way to think of Waring rank
is as a higher-degree generalization of matrix rank (for symmetric matrices).
It is also difficult to determine the maximum Waring rank occuring for d-forms in n
variables. Here is one simple upper bound: the space of d-forms in n variables is spanned
by the powers of linear forms, so choosing a basis consisting of powers of linear forms shows
that the Waring rank r(F ) is at most the dimension of the space, r(F ) ≤
(
d+n−1
n−1
)
.
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This was improved to r(F ) ≤
(
d+n−2
n−1
)
in [BBS08], then r(F ) ≤
(
d+n−2
n−1
)
−
(
d+n−6
n−3
)
in [Jel13],
and then r(F ) ≤
(
d+n−2
n−1
)
−
(
d+n−6
n−3
)
−
(
d+n−7
n−3
)
in [BP13, Prop. 3.9]. See also [BT14]. But the
actual maximum rank is known in only a few cases. Binary (n = 2) forms of degree d have
rank at most d, with r(xyd−1) = d. For quadratic forms (d = 2) the maximum rank is n. For
(n, d) = (3, 3) Jelisiejew’s and Ballico–De Paris’s upper bounds are 5 and it is known that
there are forms of rank 5 [Yer32, CM96, LT10]. Finally, for (n, d) = (3, 4) Jelisiejew’s upper
bound is 9, Ballico–De Paris’s upper bound is 8, and it is known that there are forms of rank
7. It has been shown that in this case the maximum rank is actually 7 [Kle99, Par13]. So
the search for a sharp upper bound continues.
For each value of n and d there is value of rank that holds for all forms in a dense Zariski
open subset of the space of forms, called the generic Waring rank of a form in n variables
of degree d. We denote it by rgen(n, d). By the Alexander–Hirschowitz theorem [AH95] it is
given by
(1) rgen(n, d) =
⌈
1
n
(
d+ n− 1
n− 1
)⌉
,
except if (n, d) = (n, 2), (3, 4), (4, 4), (5, 3), (5, 4). In the exceptional cases rgen(n, 2) = n
(instead of ⌈(n+1)/2⌉), rgen(3, 4) = 6 (instead of 5), rgen(4, 4) = 10 (instead of 9), rgen(5, 3) =
8 (instead of 7), and rgen(5, 4) = 15 (instead of 14).
Clearly the maximum value of rank is at least the generic value, and at most the upper
bound of Jelisiejew or Ballico–De Paris. The gap between the generic rank and these upper
bounds is not too large:(
d+n−2
n−1
)
−
(
d+n−6
n−3
)
−
(
d+n−7
n−3
)
⌈
1
n
(
d+n−1
n−1
)⌉ /
(
d+n−2
n−1
)
1
n
(
d+n−1
n−1
) = dn
d+ n− 1
.
This has been improved in [BT14], where it is shown that the maximum value of rank is at
most twice the generic value. We can narrow this gap further either by finding new upper
bounds or by finding forms with greater than generic rank.
It turns out that very few examples are known of forms with greater than generic rank,
with n ≥ 3 variables. (Plenty are known for n = 2.) In fact, it seems that until recently only
finitely many such examples were known: just some cubics and quartics (d = 3, 4) in n = 3
variables.
Recently, however, an infinite family of forms was discovered to have greater than generic
rank. This family was found by Carlini, Catalisano, and Geramita in their solution of the
Waring rank problem for monomials [CCG12]. Let M = xa11 · · ·x
an
n with 0 < a1 ≤ · · · ≤ an.
They showed that the Waring rank of M is
r(M) = (a2 + 1) · · · (an + 1).
The rank of M is maximized when a1 = 1 and the remaining exponents a2, . . . , an are
as close as possible to being equal. Explicitly, let d = a1 + · · · + an = degM and write
d− 1 = q(n− 1) + s with 0 ≤ s < n− 1. Then the maximum rank monomial in n variables
of degree d is
x1x
q
2 · · ·x
q
n−sx
q+1
n−s+1 · · ·x
q+1
n .
This has rank
(1 + q)n−s−1(2 + q)s =
(
1 +
⌊
d− 1
n− 1
⌋)n−s−1(
1 +
⌈
d− 1
n− 1
⌉)s
≈
(
1 +
d− 1
n− 1
)n−1
.
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So for fixed n, asymptotically in d the maximum rank of monomials is dn−1/(n−1)n−1, while
by (1) asymptotically the generic rank is dn−1/n!. For n = 3, therefore, the maximum rank
of monomials is asymptotically 3/2 the generic rank. In particular there are infinitely many
monomials in three variables with greater than generic rank, and in fact it is easy to see that
they occur in every degree d ≥ 5. On the other hand for n ≥ 4 we have (n− 1)n−1 > n!, so
for d≫ 0, monomials have less than generic rank. This shows that for each n ≥ 4, there are
(at most) finitely many monomials with higher than generic rank. All of this was observed
in [CCG12].
We show here that in fact, in four or more variables there are absolutely no monomials
with higher than generic rank. Then we consider sums of pairwise coprime monomials, whose
ranks were also determined in [CCG12]. We show that all such sums have less than generic
rank, with exactly three exceptions. Next we asymptotically compare the maximum ranks
of monomials and sums of pairwise coprime monomials with the generic rank. Finally we
briefly discuss non-monomial examples.
2. Ranks of monomials in four or more variables
All monomials in four or more variables have less than generic rank.
Theorem 1. Let M be a monomial in n ≥ 4 variables and let d = degM > 1. Then
r(M) < rgen(n, d).
That is, the only monomials with greater than generic rank are in three or fewer variables.
We do not assume that M actually involves every variable.
Proof. We assume n ≥ 4, so we ignore the exceptional case (n, d) = (3, 4). First we dispose
of the remaining exceptional cases. If d = 2 then M = x21 or x1x2, so r(M) = 1 or 2,
while rgen(n, 2) = n ≥ 4 > r(M). The cases (n, d) = (4, 4), (5, 3) are listed in Table 1. For
(n, d) = (5, 4), the same monomials appear as in the case (n, d) = (4, 4), and rgen(5, 4) = 15.
This takes care of all the exceptional cases.
n d M r(M) generic rank
4 4 x1x2x3x4 8 10
x1x2x
2
3 6 10
x1x
3
2 4 10
x21x
2
2 3 10
x41 1 10
5 3 x1x2x3 4 8
x1x
2
2 3 8
x31 1 8
Table 1. Exceptional cases (4, 4) and (5, 3).
Now we consider the nonexceptional case. Say k ≤ n of the variables appear in M =
xa11 · · ·x
ak
k , 0 < a1 ≤ · · · ≤ ak. Write M = x
a1
1 · · ·x
an
n , ak+1 = · · · = an = 0. By the
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arithmetic-geometric mean inequality,
r(M) = (a2 + 1) · · · (an + 1) ≤
(
a2 + · · ·+ an + n− 1
n− 1
)n−1
=
(
d+ n− 1− a1
n− 1
)n−1
≤
(
d+ n− 2
n− 1
)n−1
.
We claim (
d+ n− 2
n− 1
)n−1
<
1
n
(
d+ n− 1
n− 1
)
or equivalently
(2)
(
d+ n− 2
d+ n− 1
)
· · ·
(
d+ n− 2
d+ 1
)
<
(n− 1)n−1
n!
=
(
n− 1
n
)
· · ·
(
n− 1
2
)
.
First, if m, c > 0 then (c+m)2(m2 − 1) < m2((c+m)2 − 1), so
(c+m)2
(c+m+ 1)(c+m− 1)
<
m2
(m+ 1)(m− 1)
.
Substituting c = d− 1 and m = n− 1,(
d+ n− 2
d+ n− 1
)(
d+ n− 2
d+ n− 3
)
<
(
n− 1
n
)(
n− 1
n− 2
)
.
This takes care of the first three factors on each side in (2). (Here we use the hypothesis
n ≥ 4; otherwise d+n−2
d+n−3
and n−1
n−2
are absent.) For the remaining factors,
(d− 1) + (n− 1)
(d− 1) + a
<
n− 1
a
for 2 ≤ a < n− 1. This proves (2) and completes the proof. 
3. Sums of pairwise coprime monomials
If M1, . . . ,Mt are pairwise coprime monomials, that is, involving pairwise disjoint sets of
variables, then r(M1 + · · ·+Mt) =
∑
r(Mi) [CCG12].
Example 2. The form F = x1x
2
2 + x3x
2
4, with n = 4, d = 3, has higher than generic rank:
r(x1x
2
2 + x3x
2
4) = r(x1x
2
2) + r(x3x
2
4) = 6 > rgen(4, 3) = 5.
The forms x1x2x3 + x
3
4 and x1x
2
2 + x
3
3 + x
3
4 each have rank 5, equal to the generic rank.
In fact these are the only examples with greater than or equal to generic rank.
Theorem 3. Every sum of pairwise coprime monomials in n ≥ 4 variables, of degree d ≥ 3,
has rank strictly less than the generic rank, with the following list of exceptions all occurring
in (n, d) = (4, 3): x1x
2
2 + x3x
2
4 has rank 6, strictly greater than rgen(4, 3) = 5; x1x2x3 + x
3
4
and x1x
2
2 + x
3
3 + x
3
4 have rank 5, equal to the generic rank.
Let rmax(n, d) be the maximum rank of a monomial of degree d in n variables and let
r∗max(n, d) be the maximum rank of a sum of pairwise coprime monomials of degree d in n
variables.
Lemma 4. If d ≥ 4 and d ≥ n ≥ 2, then 1
n
rmax(n, d) ≥
1
n−1
rmax(n− 1, d).
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Proof. First, if n = 2, rmax(2, d) = d while rmax(1, d) = 1, so the claim is true. Second,
suppose d > n > 2. Let M be a monomial in n − 1 variables of degree d with rank
rmax(n − 1, d). Up to reordering the variables, M = x
1
1x
a2
2 · · ·x
an−1
n−1 with a2 ≤ · · · ≤ an−1 ≤
a2 + 1. We have
an−1 =
⌈
d− 1
n− 2
⌉
> 1.
Let M ′ = x11x
a2
2 · · ·x
an−1−1
n−1 x
1
n, so M
′ still has degree d, and
(3)
rmax(n, d) ≥ r(M
′) = r(M)
2an−1
an−1 + 1
= rmax(n− 1, d)
2⌈ d−1
n−2
⌉
⌈ d−1
n−2
⌉ + 1
≥ rmax(n− 1, d)
2(d− 1)
d+ n− 3
.
Since d ≥ n + 1 we have
d ≥
n2 − n− 2
n− 2
,
which after some rearrangement becomes
2(d− 1)
d+ n− 3
≥
n
n− 1
.
Combining with (3), this proves the claim for the case d > n > 2.
Finally, if d = n ≥ 4 then rmax(n, d) = 2
d−1 and rmax(n − 1, d) = 3 · 2
d−3 = 3
4
rmax(n, d).
Since n ≥ 4, n−1
n
≥ 3
4
, so 1
n
rmax(n, d) ≥
1
n−1
rmax(n− 1, d). 
Proof of Theorem 3. First suppose d ≥ n ≥ 4. Let F = M1 + · · · + Ms be a sum of
pairwise coprime monomials of degree d, where Mi involves exactly ni variables, n =
∑
ni,
n1 ≥ · · · ≥ ns ≥ 1. We use the elementary inequality that if ai, bi > 0 and
ai
bi
≤ x for all i,
then (
∑
ai)/(
∑
bi) ≤ x. For each i,
r(Mi)
ni
≤
rmax(ni, d)
ni
≤
rmax(n, d)
n
by Lemma 4. Therefore
r(F )
n
=
∑
r(Mi)∑
ni
≤
rmax(n, d)
n
,
hence r(F ) ≤ rmax(n, d). By Theorem 1, rmax(n, d) < rgen(n, d) for n ≥ 4.
Next we take care of the case d = 3, n ≥ 5. Let F be a sum of pairwise coprime monomials
of degree 3 with rank r∗max(n, 3). The only monomials that can appear are of the form x
3,
xy2, xyz, with ranks 1, 3, 4 respectively. We can replace each occurence in F of xyz with
xy2+ z3 without changing the rank or number of variables. So we can assume every term in
F is of the form x3 or xy2. This shows that if n is even, r∗max(n, 3) = 3n/2, and if n is odd,
r∗max(n, 3) = (3n− 1)/2. On the other hand,
rgen(n, 3) ≥
1
n
(
n+ 2
3
)
=
(n+ 2)(n+ 1)
6
=
3n
2
+
n(n− 6) + 2
6
.
When n ≥ 6, n(n − 6) + 2 ≥ 2, which shows rgen(n, 3) >
3n
2
≥ r∗max(n, 3). When n = 5,
rgen(5, 3) = 8 (by the Alexander–Hirschowitz theorem) while r
∗
max(5, 3) = 7.
Now we deal with the case n > d ≥ 4. We will use that
(4)
1
n2
(
d+ n− 1
n− 1
)
>
2d−1
d
.
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To prove this, first, for n = d ≥ 4 we have
1
d2
(
2d− 1
d− 1
)
=
1
d
(
2d− 1
d
)(
2d− 2
d− 1
)
· · ·
(
d+ 1
2
)
.
Note that (
2d− 1
d
)(
2d− 3
d− 2
)
=
4d2 − 8d+ 3
d2 − 2d
> 4,
while the d− 3 remaining factors are ≥ 2. So we have 1
d2
(
2d−1
d−1
)
> 2
d−1
d
.
Next, for n ≥ d ≥ 4 we have
1
n2
(
d+ n− 1
n− 1
)
=
(n+ 1)2
n2
n
n + d
·
1
(n+ 1)2
(
d+ n
n
)
=
(n+ 1)2
n(n+ d)
·
1
(n+ 1)2
(
d+ n
n
)
<
1
(n+ 1)2
(
d+ n
n
)
since d > 2. This completes the proof of (4).
Now let F = M1 + · · ·+Ms be a sum of pairwise coprime monomials of degree d, where
Mi involves exactly ni variables, n =
∑
ni, n1 ≥ · · · ≥ ns ≥ 1. Note each ni ≤ d. We have
r(Mi)
ni
≤
rmax(d, d)
d
=
2d−1
d
.
Therefore
(5)
r(F )
n
=
∑
r(Mi)∑
ni
≤
2d−1
d
<
1
n2
(
d+ n− 1
n− 1
)
which gives us
r(F ) <
1
n
(
d+ n− 1
n− 1
)
≤ rgen(n, d)
as desired. This completes the case n > d ≥ 4.
Finally, we consider the case (n, d) = (4, 3). Up to reordering terms and variables, the
sums of pairwise coprime monomials that use all the variables are listed in the following
table.
F r(F )
x31 + x
3
2 + x
3
3 + x
3
4 4
x1x
2
2 + x
3
3 + x
3
4 5
x1x2x3 + x
3
4 5
x1x
2
2 + x3x
2
4 6
Since rgen(4, 3) = 5, this shows that the exceptions listed in the statement of the theorem
are the only ones. 
We have seen that if d ≥ n then r∗max(n, d) is attained by a monomial. What if n > d?
The greatest rank monomial of degree d is a product of d variables. So a “greedy” way
to construct a high-rank sum of pairwise coprime monomials is to add up products of d
variables, with any remaining variables placed into one more monomial. But this does not
necessarily maximize Waring rank, as we have seen for (n, d) = (4, 3): the greedy choice
x1x2x3 + x
3
4 has rank 5, while the non-greedy choice x1x
2
2 + x3x
2
4 has rank 6. Similarly, for
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(n, d) = (5, 4), the greedy choice x1x2x3x4 + x
4
5 has rank 9, while the non-greedy choice
x1x2x
2
3 + x4x
3
5 has rank 10; and for (n, d) = (6, 5), the greedy choice x1 · · ·x5 + x
5
6 has rank
17, while the non-greedy choice x1x
2
2x
2
3 + x4x
2
5x
2
6 has rank 18.
4. Asymptotic comparison with generic rank
It was noted in [CCG12] that, for fixed n and d going to infinity, rmax(n, d) is asymptotically
dn−1/(n − 1)n−1, while rgen(n, d) is asymptotically d
n−1/n!. So rmax(3, d)/rgen(3, d) → 3/2,
while for n > 3,
rmax(n, d)
rgen(n, d)
→
n!
(n− 1)n−1
< 1 as d→∞.
If d is fixed and n → ∞, then, for n ≥ d, rmax(n, d) = rmax(d, d) = 2
d−1, since the highest
rank monomial is x1 · · ·xd, and the extra variables cannot be used.
Similarly, if n ≥ 4 is fixed and d→∞, then, for d ≥ n, r∗max(n, d) = rmax(n, d), and once
again,
r∗max(n, d)
rgen(n, d)
→
n!
(n− 1)n−1
< 1 as d→∞.
Finally, fix d to find the limit of the ratio as n → ∞. In the proof of Theorem 3 we
found that, for a fixed d ≥ 3, r∗max(n, d) is bounded by a linear function for large enough n:
r∗max(n, d) ≤
3n
2
when d = 3 and r∗max(n, d) ≤
n2d−1
d
when n > d ≥ 4, by (5). However for
d ≥ 3, rgen(n, d) = O(n
d−1) grows faster than a linear function as a function of n, so
r∗max(n, d)
rgen(n, d)
→ 0 as n→∞.
5. Non-monomial examples
We close with examples of forms which are not monomials or sums of pairwise coprime
monomials, with higher than generic rank.
First, F = x2y + y2z is a form in n = 3 variables of degree d = 3, with r(F ) = 5 >
rgen(3, 3) = 4. See for example [LT10, §8], [Kle99, Theorem 2.3]. Second, r(x
2y2 + y3z) =
7 > rgen(3, 4) = 6, see [Kle99, Proposition 3.1].
To these we can add one more non-monomial example:
Proposition 5. Let F = x2y + y2z be the plane cubic of rank 5. Let G = F + w3. Then
r(G) = 6 > rgen(4, 3) = 5.
We thank Jarek Buczyn´ski for suggesting this example and a proof that involved ten-
sor rank. Since then, however, we have learned of a much quicker, elementary proof us-
ing a very recent result of Carlini, Catalisano, and Chiantini [CCC14]. They showed that
r(F (x1, . . . , xn) + y
d
1 + · · ·+ y
d
s ) = r(F ) + s, when the xi and yj are independent variables.
This immediately implies the proposition.
They also showed that r(F (x1, x2) + G(y1, y2)) = r(F ) + r(G). It is expected that this
should hold for forms in any number of variables. Unfortunately, the result for two forms
in two variables does not give any new examples of forms with higher than generic rank:
r(F + G) = r(F ) + r(G) is maximized when F = x1x
d−1
2 , G = y1y
d−1
2 , a sum of pairwise
coprime monomials, already considered above.
In conclusion, it is surprisingly nontrivial not only to find forms with strictly greater than
generic rank, but even just to find forms with Waring rank equal or close to generic rank.
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